i?(cn_ —gr*xghﬁLiJ;éfts;:«&g«JJ“_ B
\y\u,m‘eemwsm .
(NPSACR- o-‘z'?“)
Lot @J/W { Teck.,

| Jet 17 .
Jmﬂﬂmaoa X 64— 45

$8975

NS e 2 A

// £. "GAP" STATE OF THE BAC HAMILTONTAN FOR

REPULSIVE INTERACTIONS
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equation stemming from the reduced Hamiltonian of the BCS theory has 4

For attractive interactions between particles the "energy gep”

two familiar solutions.(l) One solution ylelds a gap and leads to the
correlated ground state. The other solution yields no gap and leads to
an uncorrelated state which is identical to the ground state in the
absence of interaction. This state has a higher energy than the cor-
related ground state and corresponds to an excitation of the correlated
state. This excitetion can be described as the "breaking" or "ionization"
of each of the infinite number of condensed electron pairs that make up
the grounu state, the energy required to break a pair being twice the
energy of the gap. With attractive interactions, then, the "gap" state
-- the state with correlations -~ is the stable state.

For repulsive interactions between particles a correlated state
can againm be obtained, but it is no longer the stable state, the ground
state now being the normal state. One now finds that to break a correlated
pair no longer takes energy, but rather gives energy. Thus, even though
one can obtaein Cooper pairs for repulsive interactions(a), and even though
these pairs can be condensed into a correlated state, such a state is not

stable,
Before exhibiting the correlated state tnat arises from repulsive

interactions, we first show that for such interactions it is the normal

state thet must be the ground state.
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The Hamiltonlan is, Hb + Hint:
ro. . .
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The notation is fairly obvious. The chemical potential that appears msy
be thought of as a potential, - A s that arises from a uniform background
of positive charge. When no interactions are present (when A = 0), the
Hamiltonian achieves 1ts minimum for the state T @5 C-p% [0,
E°(l) e

where | O 7 is the mathematical vacuum, and the energy of the state is,
of course, proportional to the volume of tne system. We now show that
even when interactions are included, the ground state energy of the
Hamiltonian is no greater, in the 1limit of infiuite volume, than the
ground state energy when interactions are absent.

From the fact that the ground state energy can be deflined by &
variational principle it follows that,

(1) E(ground state) € (normal/no +H ./ normal> =

E(normal) + < normal/H, t/ normal >

On the other hand, we have E(ground state) = minimum (Ho + Hint)’ 80
that E(ground state) Z minimum (no) + minimum (Hint). But the last
term is clearly positive, so that

(2) E(ground state) = E{normal)
However, in {1) the last term is independent of volume, so that in the
1imit of infinite volume, combining (1) with {2), we have

E(normal) = E(ground state) = E(normal), which is the equality

we sought to demonstrate.
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Thus the correlated state, if chosen to be the vacuum state, cannot
te stable. Nevertheless, nothing prevents us from studying an unstable
vacuun. The very same methods one uses to derive the gap equation and
Bogoliubov-Valatin operators for attractive interactions can be used
for repulsiéve interactione as well. In fact, while the gap equation in
both cases is ideutical, the B-V operators are slightly different. At-

tractive interaction ylelds as operators:

+
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and their adjoints. In our notation wk2 = &£ k2 + dk2, 4 i 18 the gap,

Ek = EI: -, and )E kl is constrained to be less than S For
repulsive interactions the "names" of these operators are interchanged.
The first operator becomes )/-k ! and the second becomes k’-;‘ Whereas

the Hamiltonian for attractive interactions takeg the form
P + P A4t
Z €k Lem* Cra "'c-u@-u] + Z [f(&h-wk )+ 2 -(f{}
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for repulsive interaction the sum over IEkl £§ Dbvecomes
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Ia both cases the physical vacuum is defined as
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but ia eacu case'ygr and.){;¢ sre deflned difterently. Tue Hamiltouaian
witu the %' terms neglected will suffice when aeppiied to states that
involve ouly a finlte number of excitatiuns out of the grouud state.

For states iavulving an infiaite number of excitatiins these terms cannot
he.dropped. Thus witnout these terms it wouuld appear that by exciting airl
the "particles", the energy of the correlated state for repulsive inter-
actions could drop in?energy fron Z [(5'2 1 wie> + }z %:_" to

Z (5,9 - w,e) +5 —é—i— , == the energy of the ground state for at-
tractive interactions! The %- termg prevent this, and the energy cannot

te dropped below that of tne ncrmal state.

Thus we see that while a correlated "gap" state exists for repulsive
interactions, such asstate is unstable against collapse tu the normal state.
But this appiies only to the BCS reduced Hamiltouien. For the electron
gas, for example, we know that tne ground state is nut the norual state
but a correlated state. The correlation of this state is such that
electrouas sre bounu to holes in pairs, and each pair has a binding energy
roughly equal to the plasma energy. While in an extremely crude way tnis
energy may be claimed tu be a gap energy, and the ground state consequently

a "gap" state, the presence of other excitations with vauishingly small

e.ergy robt this"gap™ of aay real meaning.
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